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Abstract 

In these notes we review Klimcik's construction of noncommutative gauge theory on 
the fuzzy supersphere. This theory has an exact SUSY gauge symmetry with a finite 
number of degrees of freedom and thus in principle it is amenable to the methods of 
matrix models and Monte Carlo numerical simulations. We also write down in this article 
a novel fuzzy supersymmetric scalar action on the fuzzy supersphere. 

The differential calculus on the fuzzy sphere is 3— dimensional and as a consequence a spin 1 
vector field C is intrinsically 3— dimensional. Each component Ci, i = 1,2,3, is an element of 
some matrix algebra MatN- Thus U{1) symmetry will be implemented by U{N) transforma- 
tions. On the fuzzy sphere Sjj- it is not possible to split the vector field C in a gauge-covariant 
fashion into a tangent 2-dimensional gauge field and a normal scalar fluctuation. Thus in order 
to reduce the number of independent components from 3 to 2 we impose the gauge-covariant 
condition 

1 

-(x,Q + CiXi)+ ' =0. (1) 

2^ ^ ^ym - 1 

Xi = Li/ ^/Lif ( where Li are the generators of SU{2) in the irreducible representation of 
the group ) are the matrix coordinates on fuzzy S'^. The action on the fuzzy sphere S*^ is given 
by 



Sn[C] 



:TrF, 
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-MjkTrL 



1 i 
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Fij is the curvature on the fuzzy sphere, viz Fij = i[Yi, Yj]+eijkYk where the covariant derivatives 
Yi are defined by Yi = + Ci. The action ([2]) with the constraint ([T]) was studied extensively 
in [9]. 

Following [1, 2] we will derive in this article the supersymmetric analogue of the action 
([2]). Let us summarize here the main results. Instead of the SU{2) vector C = [Ci) we will 
have an OS'P(2,2) supervector A = {A±,W,Ci, B±). The 5 superfields Ci, B± transform as 
a superspin 1 multiplet under 0SP{2, 1) while the remaining 3 superfields A± and W will 
transform as a superspin 1/2 under 0SP{2, 1). All these superfields are elements of the algebra 
Mat{2L + 1, 2L). We define the supersymmetric curvature hy F = 5A + A* A = {F±, f, Ci, b±) 
where the exterior derivative 6 and the associative product * are defined appropriately on forms. 
The action by analogy with ([2]) reads 

Sl[A] = aStr<F*F + pSTr{A*F--A*A*A). (3) 

3 

The first term is similar to the usual Yang-Mills action whereas the second term is a ( real- 
valued ) Chern-Simons-like contribution, a and /3 are two real parameters. The Hodge triangle 
< is defined as the identity map between one-forms and two-forms and thus <F should be 
considered as a one-form. This action will have the correct continuum limit provided we impose 
the following supersymmetric- and gauge-covariant conditions on the supergauge field A. The 
first condition is the supersymmetric anlogue of defined by 

A_] ~ [D_, A+] + i{Do, W} + A.] + = 0. (4) 
We will also impose the following supersymmetric constraints 

6+ = 6- = c+ = c_ = C3 = 0. (5) 

These constraints will reduce the number of independent components of A and F from 8 to 
2. D±fi are the generators of OSP{2,2) in the complement of 0SP{2, 1). The generators of 
0SP{2, 1) are denoted by Ri, V±. The expressions of the curvatures F±, f and q, b± in terms 
of the gauge fields A±, W and Ci, B± are given by 

F± = 2[X^, F±]±2[X±, F3] + [^0, + 2X± , / = 4{Z+, X.} - 4{Z_, X+} + 2Xo 
c± = t2{X±, X±} - y± , C3 = 2{X+, X_} - Fa , &± = [^o, X±] - Z±. (6) 

The supercovariant derivatives X±,Xo,Fi and Z± are defined by X± = D± + A± , Xq = 
Do + W,Yi = Ri + C^ and Z± = V± + B±. 

In the rest of much of these notes we will go into the detail of the above construction following 
[1,2]. Motivated by this construction we introduce in section 4 a novel fuzzy supersymmetric 
scalar action on the fuzzy supersphere. 

For other constructions of fuzzy supersymmetric gauge models see [5]. The work [6] is a 
numerical study of the type of supersymmetry which is involved in IKKT models [7, 8] so it is 
not the same as fuzzy SUSY. This paper is organized as follows 
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1 The continuum supersphere 

In this section we will follow [3,4]. 



1.1 The Lie algebras osp{2,l) and osp{2,2) 

We start with the osp{2, 1) Lie algebra. It consists of three even generators R± and -R3 and 
two odd generators V± with commutation and anticommutation relations 

R.] = 2Rs , [i?3, R±] = ±R± (7) 

and 

[i?3, Vi] = ±^V± , V^±] = , V^] = (8) 



{V±, V±} = ±^i?± , {\4, V^} = -^Rs. (9) 

The following notation is also useful R± = Ai ± iA2, -R3 = A3, = A4 and = A5. The 
above commutation and anticommutation relations take now the following forms respectively 

[Ai,Aj] =ieijkAk , [Ai,Ao] = ^((Ti)^aA^ , {Aa,Af3} = ^{Cai)a/3Ai. (10) 

i,j,k = 1,2,3 and a,P = 4,5. The charge conjugation C is such that C45 = — C54 = 1 and 
C44 = C55 = 0. The most important point is that V± transform as an SU{2) spinor. 
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Let us also introduce osp{2, 2). We add two more odd generators D± and one even generator 
Dq with the commutation and anticommutation relations 

[i?3, Di] = ±iz}± , [i?±, D±] = , [i?±, D^] = D±. (11) 
{D±, D±} = t\r± , {D±, D^} = ^R,. (12) 
{Di, V±} = 0, {D^, V^} = ±^Do. (13) 



and 



[Do, R,]=0, [Do, V±] = D± , [Do, D±] = y±. (14) 



Again we denote D^ = Ag, -D- = Ay and Z^o = Ag. Then the commutation and anticommuta- 
tion relations (ITT!) and (fT2!) take the forms respectively 

[Ai,AJ = i((Ti)^„A^ , {Aa,Ap} = -^{C(ri)^pAi. (15) 

Here a,P = 6, 7. Note that i5± transform also as an SU{2) spinor. Equation (jS]) and (fTTj) can 
be put in the form 

[K,K] = ]^{^^)paAp (16) 

Equation ([9]), f|T2|) and (|T3|) can be put together in the form 

{A„, A^} = ]^{Cai)^pK + ^(eC'),;3A8. (17) 
Equation (|T4|) takes the form 

[A8,Ai] = , [A8,AJ = l^pKp. (18) 
Here ( in the last three equations ) a, /? = 4, 5, 6, 7 and 



Also 



!; i-° I- 
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1.2 The supersphere 

The supersphere S^^'^^ ( with ordinary as its even part ) is given by the points -0^ C^^'-*^^ 
which satisfy 

iv^r=i- (21) 

We have t/j — {z, 9) — {zi, Z2, 9) and t/S = {z, 9) — {z^, Z2 , 9) and the norm is given by 

^^i,ii] = zz + 99= \zi\'^ + \Z2\^ + 99. (22) 

In above zi, z^ arc complex variables and ^, 9 are Grassmann numbers. The group manifold 
of osp(2, 1) is S*^"^'^-* in the same way that the group manifold of s-u(2) is S'^. Furthermore the 
supersphere S*-^'^-* is an adjoint orbit of 0SP{2, 1) in the same way that the sphere is an 
adjoint orbit of SU{2). In other words we must consider the supersymmetric Hopf fibration 
Si — >S(3'2) — ,S(2'2) by analogy with the Hopf fibration — — ^S^. We define thus the 
coordinates functions on 8^2,2) |-,y ^j^g following functions on S^'^ 

a;„(V') = V^aSV , a= 1,...,5. (23) 

A point on S^^'^^ is given by the supervector u — (a;i, cus). aI^^ are the generators of 
OSP{2, 1) in the 3— dimensional fundamental representation characterized by the superspin 
j — ^- It consists of the SU{2) irreducible representations | and 0. The generators are given 
explicitly by 

. A?^ = ^( 0), A^^^ = ^l -1 |. (24) 














^ 


























-1 


/ 
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Remark that under ip — ^iph, h = expi^ij) with 7 real numbers we have uja — ^uia- Thus the 
points t/jh on S^^'^^ correspond to the same point u; on S^^'^^. This shows that OSP{2, 1) is a 
principal U{1) bundle over the coset space OSP{2, 1)/C/(1) which is diffeomorphic to the sphere 
S(2.2) We can compute the exphcit expressions 

1 _ 1 - 1 

= -^zGiZ , UJ4 = -^{zt^ + ^29) , = -{-zt9 + zi9). (25) 

By using these equations we can immediately compute 

i^i + Ca/SUJaUJp ^ ^. (26) 

This is the defining equation of the supersphere S^^'^^. We define the grade adjoint ++ by 
Z++ = z+, 9++ = 9 and 9++ = -9 and by the requirement that {AB)++ = [-i)dAdB b++ A++ 
where (Ia and ds are the degrees of A and B respectively. For an even object the degree is 
equal while for an odd object the degree is equal to 1. Hence we have the reahty conditions 

= a;+ = LUi , a;++ = -C^pcUf) , a, /? = 4, 5. (27) 
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The action of the group 0SP{2, 2) on S'-^'^-' preserves (1261) and fl27|) but it is not the same as the 
adjoint action of the group 0SP{2, 1). This is because the Lie algebra osp{2, 1) is not invariant 
under the action of the generators Ag, A7 and Ag of OS'P(2,2). Let us define the OSP{2,2) 
coordinates functions 



=^Ai^V , a = 1,...,8. (28) 

They define an 0SP{2, 2) vector. We will have the following extra generators ( in addition to 
) in the 3— dimensional fundamental representation j = ^ of 0SP{2, 2) 



> n ^ i/001\ ,/000 

.A^^' = i .Ai^' = i 11. (29) 



2/'° 2 



0-10/ \ 1 



Explicitly we have 



fig = 2 - Z2 , ^6 = ^{z+O - Z20) , ^^7 = ^(4^ + ZiO) (30) 

n++ = nt = ns, n++ = c^^n^ , a, /? = 6, 7. (31) 

We can immediately compute 

--^nl + C^pn^np = --^,a,j3 = Q,l. (32) 

By adding ( l26l) ( with the substitutions Ui — >VLi and Ua — , a = 4, 5 ) and ( l32i) we get the 
0SP{2, 2) Casimir 

_ Inl + Ca(3nM/3 = 0. (33) 

Let us also compute the following 

= (^kiT - l\z2\^)uJ4 = -^{\zi\^z+9 + \zi\^Z29 - \z2\^z+d - \z2\^ z^d) (34) 

{uji + iuJ2)uJt> = {z'lz2)uJt> = ]-{\zi\'^Z26 - \z2f'z'l6). (35) 
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Hence by using also ^/uJf = \zz we obtain 



Oe = ]=^{'^'i^i + (^1 + ^^^2)^5)- (36) 



By using fig ^ = fiy, uj'l^ = —u^, u^^ = u^, uj^~^ = oji and {i)^^ = —i we obatin 

Q7 = ^={U3U5 - {ui - iuJ2)uJ4)- (37) 



Finally by using again ^^/uJf = ^zz we obtain 



fig = 2 - 2\ ujf. (38) 



1.3 Laplacians 

Define rzj = 2Ruji,na = 2RhJa- Then 

n'^ + Capnanp = . (39) 

The delta function 5{nf + Capnanp — R^) will have an expansion of the general form 5{n1 + 
Ca/3nanj3 — R^) = 5{nf — R^) + CapriaUpX where X is given by 

X = U-^5{nj + C^pno,np-R^)\ =^MfL^, (40) 

Thus 

b[n\ + C^,n^n, - R^) = ±S{r - R) + ^^^^^ , = r'. (41) 

In above we have assumed that r>0. A scalar superfield $ on S*-^'^-* has an expansion of the 
form ( with a, /3 = 4, 5 ) 

$ = 00 + Capi'anp + </)iC„^n«n^. (42) 

00 = 00 (^j) and 0i = 0i(nj) are scalar functions while -0 is a Majorana spinor field with 
two components Grassman functions ipa = ipa{ni). In the terminology of supesymmetry in 
4— dimensional Minkowski spacetime the field 0o is the D— term of the superfield $ while the 
field 01 is the F— term of the superfield. The integral of this superfield over the supersphere is 
defined by ( with dVL denoting the solid angle ) 

/($) = j r'^drdVtdn^dn^5{nl + CapnaUfi - R^)^. (43) 

Since the volum form and the delta function are invariant under the 0SP{2, 1) action the 
integral should be invariant under the susy action on $. A straightforward calculation ( using 
also J dn4 = J dn^ = and J dn^dn^n^n^ = — 1 ) we obtain 



j($) = j dn 



(44) 

J r=R 

Thus as in the case of supersymmetry in 4 dimensions the integral depends only on the D— 
and F— terms of the superfield. The 0SP{2, 1) and 0SP{2, 2) Laplacians ( by inspection of 
equations ( l26l) . ( l32l) and ( l33l) ) are given respectively by the equations 

K2,2 = A^-^Al + C^(sAaAp. (45) 
The Laplacian on S^^'^-* is given by 

A = K2,i - K2,2 = \aI + AeAr - A7A6. (46) 
The action for the scalar superfield $ is given by 

S = J($++A$) = j r'^drdndndn^5{nl + Cc^pn^n^ - i?^)<I)++A$. (47) 
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1.4 Scalar action 

In the calculation of the above action we need the D— and F— terms of the superfield 
Because of the constraint the superfield $ can be rewritten in the form $ = 02 + 
Cai34'anj3 where 02 = 0o + 0i(-R^ — r'^)- Hence the D— term of the superfield $++A$ is 

[$++A<l>]o = 02^+^02 = 02A02. (48) 

The F— term will be extracted from 

[$++A$]i = {Co,pij^np)++ A{Capij^np) = {Capij^np)A{Co,piJo.np). (49) 

In above we have assumed that the superfield $ is real and hence = $ or equivalently 
^o"'' = 00 = 00, 01"^ = 01" = 01 and i/'^''' = —Capipp- We have also assumed that cross terms 
are linear in n„ which we will show. 



The D— term : First we calculate the D— component. The action of the generators Ag 
and A7 = D_ on 0o is defined by ^ 



1 



wo 



A60O = {V+ni)di(j)o = -- ((1^)66^6 + {ai)7Qn7 
A70O = {V_ni)di(f)o = (o-i)67?^6 + {cri)7jn7 

These equations are consistent with the commutation relations [AQ,,Aj] = —■^[o'ijpa-^'^/s 
a, P = 6, 7. Let us also say that the operators V± correspond to the generators D± in the adjoint 
representation of OSP{2,2). Furthermore d± = di ±182 and uq, n-/ are given by uq = 2RQq, 
rij = 2RVL-J and hence we must have from (136!) and (!37|) the expressions 



<9i0o = - - [ned- - njd^] 0o. (50) 



vAfl where 



ne = -^(^3724 + (ni + in2)n^) , n-j = ^{n^n^ - {rii - in2)ni). 



(51) 



Remark that Ae0o and A70o are odd and hence a second action of Ag and A7 will involve 
anticommutation relations instead of commutation relations. We have 



A7A 



AfiA 



A7(?26930o) + A7(?27a+0o) 

(A7n6)930o - n6(A7930o) + (A7n7)9+0o - n7(A79+0o) 
A6(n6(9_0o) - A6(n7a30o) 
(A6n6)(9_0o - n6(A6(9_0o) - (A6n7)(930o + n7(A6(930o) 



(52) 



^Takc the case of the ordinary generators of SU{2) denoted here by Ai = Ri. We know that Ai(j)Q 
{Tii(f>o){n) — —ieijknjdk(f>o- This can be put in the form Ai(j)o = {TZinj)dj(j)o. 
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The quantities (Aadscpo) and (Aq9±0o) will be given by similar expressions to (150!) . From the 
anticommutation relations {D±,D±} = =f|-R± cind {D±,D^} = ^R^ we have 



AqUq = V+riQ = , Aeny = V+rij = , n+ = ni + in2 

A-iTiQ = V^TiQ = ins , AjUj = V^TiT = +^^- , = Til - in2- 



(53) 



Note here that the odd coordinates associated with Agj will always be denoted by Uqj although 
we will denote sometimes the operators Ag and Ay by and D_ respectively. So n+ and n_ 
are always bosonic coordinates associated with A+ = Ai + zA2 and A_ = Ai —iA2. We compute 
( with £3 = i{nid2 - n2di) ) 



Thus 



AyAe^o = [i+riidi + £3)00 - nenyS^^o] 
AgAy^o = [{-riidi + £3)00 + ri6ny9^0o] • 



(AgAy - AyAg) (0o) = ^ [nidi(t)Q - ngnyS^^o] • 



(54) 



(55) 



Similarly A8(0o) = ^^o(^j)<9i0o = since [Ag, Rj\ = [Dq, Ri] = 0. Hence 



1 1 
6oA(0o) = -0oK<9i0o - ngnya^^o] = ^4>o 



R^ -r^ 
rdr(i)n H z d'^c 



^R^ -r 



R^ 



2 r 2 



00. (56) 



In above we have used the results nQn-j = —n^n^ 
get 



and d"^ = + ^dr + ^. Finally we 



d 
dr 



—(j)oA(f)o 



r=R 



R 



dr 



2n 



r=R 



— 0O>C^0O- 



(57) 



The corresponding action is 

d 



dn- 



dr 



2R' 



3A0O 



r=R 



R 

1 



dQ 



dr 



1 

4R 



dQ{Ca(po) 



(58) 



The full action coming from the D— term is obtained from above by replacing 0o with 02- We 
get 

\ 2 -, 



Id 



[dn4- 

J dr 


r 

2R^ 


/>2A02 


R 


[ dnl^ 


[dn4- 

J dr 


r 

2R^ 


^2A02 


R 

r=R 4 J 


[ dnl^ 



dr 



- 2i?0i + 



4R 



dniCMf. 



(59) 



The F— term : Now we have ( with D_ — A7, = Ag and a = 4, 5) 

= -^ne^-Va + ^ri7d3ipa- (60) 

In above we have also used the fact ( which we can check from the commutation relations 
[D^, i?±] = -D±, [D±, i?±] = and [D±, R3] = t|^± ) that 

V_{n+) = -rie = -nr ,'D+{n+) = V_{n-) = ,I5+(n3) = -^rie , V_{n2) = ^^7(6!) 

We will also need ( from the anticommutation relations {D±, V±\ — and {D±, V^} — ±|-Do 
with Do = Ag ) the actions 

V+{n^) = ^rig ,V+{n^) = ,V_{n,) = ,P_(n4) = -^ng. (62) 
The even coordinate ng is defined by ng = 2i?r2g = 2(27? — r). Next 

^6{Ca(34>anp) = A6('04?T'5 " '05?T'4) = A6('04)-?T'5 " ^^iT^+in^) - Aei^Q).^ + 1p5V+{n4) 

= A6('04)-?T'5 - |V'4ri8 - AQ{lp5).n4 

11 1 1 1 

J^iiCapi^anp) = A7(V'4n5 - V'5n4) = A7(V^4).n5 - ip4V_{n5) - Ar{ip5).n4 + ip5V_{n4) 

= A7(V'4)-ri5 - A7(V'5)-n4 - -Ip^ns 

= -^V^sng + ^n6n5d-ip4 - ^n7n5d3ip4 - ^nGn4d-ip5 + ^n7n4d3ip5. 



(63) 



By using now 717/15 = —^71-714715, 717714 = 715715 = —^713714715 and 715714 = ^71+714715 we obtain 

AeiCapipanp) = -^V'47^8 - ^{n-d+ip4 + 7^3C^3^4 - n^d+ip^ + rz+53t/'5)rz47i5 

1 1 

AviCapipanp) = -^i^bns - ^{n3d-ip4 - n-d3ip4 + n+d^ip^ + n3d3ip5)n4n5. (64) 
We need now to compute the following ( using also I'±(7ig) = —714,5 ) 

AG{lpan8) = ^r'+(7l+)a_V'o!-W8+^I'+(?^-)5+V'a-W8 + ^^+(^3)53V'a-?^8-V'a^^+(^8) 

= —nrd+ipoc-ns - ^ned3ipa-n8 + ipan4 

Ariipans) = ^V_{n+)d_ipa-n8 + ^V_{n_)d+ilJa-n8 + V_{n3)d3il)a-n8 - ipal^-i'i^s) 

= —ned-ijja-ns + ^nr^s^a./ig + i/jan5- (65) 

10 



Next step is to compute the following action 



8r 



(66) 



This action corresponds to Ag 7 acting on the factor 71^71^. The action of Agj on the other terms 
leads to products which involve riin^ and riQj and hence they are zero by (!5T|) . 
We now compute in a straightforward way 



8r 



2r 



8r 



{1238+ -n+d3)ip5. 



(67) 



n^AjAQ^Cap^anp) 



8r 
8r 



2r 

(-n+9_ + n_9+)^4 - (^3f^+ - ^^+^^3)^5 H ^"4 

(n3(9_ - n_93)V'4- 



(68) 



So ( with £3 = ^{n^d^ - n_d+), C± = Ci ± iC2 = Tin±d3 - n^d^) and ip = {ipi,^2)) 



{Capi)o.np){AQAj - ATAfi){Co,pil)ani3) 



4r 



—^4^5 + —^^5^4 



r iaaCa + —)iCllj). 

r ns 



The full result is then 

{Cal3lpanp)A{Cal3'ipani3) 

The contribution of this F— term to the action is given by 

ip = -R ! dn 



{aaL,a + 2—){Cil)). 

8r ns 



(69) 



(70) 



"^Vi^TaCa + 2 — )iC^lj)]\r=R = ^ / dnijj' {aaCa + 1)(C^). (71) 

or ?T.g 4 



The total action 
R 



4 ./ \ dr 



- 2R(Pi + 



^ J dn{CM? + f y dni;^{aaCa + 1)(CV^). (72) 
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2 The fuzzy supersphere 



We consider the irreducible representation with 0SP{2, 1) superspin equal L. This repre- 
sentation consists of the direct sum of the SU{2) representations with spins L and L — ^. Let 
£.{L, L) be the space of linear operators from the corresponding representation space into itself. 
The action of the superalgebra 0SP{2, 2) on C{L, L) is described by the operators 

/ i?f ) \ _( 
""^"l ' " 

2L \ ^ / --l/j^'^-^) 



"-lo 2..iJ-«-U-'- )■ '''' 

The dimension of the first block of Ri and Dq is (2L + 1) x (2L + 1) while the dimension of the 
second block is (2L) x (2L). The upper and lower off-diagonal blocks are therefore rectangular 
matrices with dimensions (2L + 1) x (2L) and (2L) x (2L-I-1) respectively. In the above equation 
the definitions of -Rf ^ are the usual ones, i.e ( with = -^i i ^-^2 "* ^^"^ I = L, L — ^ ) 

{Rl\,±i,a, = VilTh){l±h + l) , (i?f^)//3,//3 = ^3, (74) 
whereas V^^'^ and Va^ ^'^^ are given by 



(V±''~'^)u.±^,L-ii, = -yL±k + \, (Vi"-^'"^),_i,3±i,,,3 = tIV^s- (75) 

We will also denote the operators given in ( !73l) by A^^^ = Ri, i = 1,2,3, Aa^"* ( = V±, Z^± ), 
a = 4,5,6,7 and Ag^^ = Dq. For L = | we get the 3— dimensional fundamental representation 
of 0SP{2, 2) given in (El and ((291). 

The above irreducible representation with superspin L is characterized by the value of the 
0SP{2, 1) Casimir operator K2^i = R^ + CapVaVp which is equal L(L + 1) in this representation, 
viz 

7^2,1 = Rj + Co^pV^Vp = L{L + ^). (76) 

The above operators (173|) give also a non-typical irreducible representation of 0SP{2, 2) char- 
acterized by the value of the 0SP{2, 2) Casimir operator 

K2,2 = Rl + C^^V^Vp - C^pD^Dp - ^Dl = 0. (77) 

This means in particular two things, 1) this representation ( as opposed to typical ones of 
0SP{2, 2) ) is irreducible with respect to the 0SP{2, 1) subgroup and 2) the 0SP{2, 2) gen- 
erators Da and Dq can be realized nonlinearly in terms of the 0SP{2, 1) generators. 
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The space C{L,L) is isomorphic to the algebra of supermatrices Mat{2L + 1,2L). The 
dimension of the Hilbert space on which this algebra acts is = (2L+ 1) + (2L) = 4L+ 1. The 
coordinates operators on the fuzzy supersphere are defined by = 2RQi, n4 5 = 2i?f24 5 where 

Cli = — , = , = — , = , ^5 = — , =■ (78) 

2^L{L + \) 2^L{L + \) ^2L{L + \) 

The remaining coordinates operators riej.s = 2-Rf26,7,8 are similarly defined by 

^^8 = , , = , , ^^7 = , ■ (79) 

2^L{L + \) 2^L{L + \) 2^L{L + l) 

These coordinates operators satisfy the commutation and anticommutation relations ( with 

a,b,c = 1, 8 ) 

iR 

[fla, fib} = haflb - {-if'^'^'^^bflbfla = fabcUc- (80) 

The definition of the structure constants fabc is obvious from (fTOl) and ( fTSll . These coordinates 
operators must also satisfy the constraints 

nl + Capfiafiis = R^. (81) 



n- + Cc^pfi^hp - -nl = 0. (82) 

The continuum limit is defined by L — >oo in which ha — and fla — ^^a- To see this more 
explicitly we notice that under the adjoint action of 0SP{2, 1) the algebra Mat{2L + 1, 2L) 
decomposes as 

Mat{2L + 1, 2L) = L (g) L = © ^ © 1 © ... © 2L - ^ © 2L. (83) 

The dimension of this space is A^^ and a generic element is a polynomial in hi^^^^. Recall that 
^^6,7,8 can be realized nonlinearly in terms of the ni,4,5. Among these polynomials we can define 
the matrix superspherical harmonics. A given N x N supermatrix can be expanded in terms of 
these superspherical harmonics. In the continuum limit Mat{2L + 1, L) approaches the algebra 
of superfunctions on the supersphere. In partiuclar the matrix superspherical harmonics go 
to the ordinary superspherical harmonics which are the eigensuperfunctions of the Casimir 
operator T^f + CapVaVis and TZs. 

A very important remark is to note that elements of Mat{2L + 1, 2L) ( in other words 
superfields ) can be even or odd if Mat{2L + 1, 2L) is defined over a graded commutative 
algebra P instead of the field of complex numbers. In this case we will denote this algebra by 
Mat{2L + 1,2L;P). In the fuzzy case we have the definitions 7^^$ = [-Ri,$] and Va^odd = 
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{Va, ^odd}, Va^even = [K, $even] where $ is any element of Mat{2L + 1, 2L; P), $odd is an odd 
element of Mat{2L + 1, 2L; P) and $cvcn is an even element of Mat{2L + 1, 2L; P). Strictly 
speaking the fuzzy supersphere is identified with the even elements of Mat{2L + 1, 2L; P) 
while the odd elements will be crucial in constructing gauge theories. The inner product on 
Mat{2L + 1, 2L; P) is defined by 

($i,$2) = ^Tr$++$2. (84) 

This satisfies 5Tr(l^) = 1 and STr[X,Y} = 0. 

A general supermatrix ^&Mat{2L + 1, 2L; P) and its graded involution are given by 

and 0L are (2L + 1) x (2L + 1) and (2L) x (2L) matrices while ■i/'i? and ■^l are respectively 
(2L + 1) X (2L) and (2L) x (2L + 1) matrices. In the upper signs refer to the case when 
$ is an even superfield ( in which case the off-diagonal blocks are fermionic and the diagonal 
blocks are bosonic), while the lower signs refer to the case when $ is an odd ( in which case 
the off-diagonal blocks arc bosonic and the diagonal blocks are fermionic ). We remark that 

STr^ = Tr2L+i4>R - (-l)l*'rr2L0L. 

The Laplacian on the fuzzy supersphere is given by 

A = /C2,i - /C2,2 = \t>1 + V^V-j - V-rV^. (86) 

The definition of I'o.e.T are obvious by analogy with TZi and V4,5 given above. The fuzzy 
supersphere of size A?^ = 4L -|- 1 is by definition the spectral triple consisting of 1) the algebra 

of supermatrices Mat{2L + 1, 2L) together with 2) the representation space of the superspin L 
of 0SP{2, 1) with inner product given by the supertrace STr and graded involution given by 
++ and 3) the Laplacian A which is the most important ingredient. The Laplacian fixes the 
metric aspects of the space uniquely while the algebra alone will only give toplogy. 

3 Gauge theory 

3.1 Klimcik differential complex 

The Laplacian on the fuzzy supersphere depends only on the 0SP{2, 2) generators D± o 
in the adjoint representation. This means in particular that the 0SP{2, 2) generators in the 
directions D± arc the supersymmctric covariant derivatives on the fuzzy supersphere while the 
0SP{2, 2) generators V± arc the supcrsymmctry generators. A gauge field on the supersphere 
is a superspin 1/2 multiplet composed of 3 superfields A± and W in the directions D± and 
Dq resepctivcly. These superfields A± and W transform under 0SP{2, 1) in the same way as 
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D± and Dq. The supercovariant derivatives ( as opposed to the covariant derivatives in the 
non-supersymmetric case ) are thus 



X± = D± + A± , Xo = Do + W. (87) 

In order to construct gauge theory on the fuzzy supersphere we must in fact start from an 
0SP{2, 2) supervector. Thus we need to add a superspin 1 multiplet composed of 5 more 
supcrfields Ci and B± ( which transform under 0SP{2, 1) in the same way as V± and Ri ) with 
supercovariant derivatives 

Yi^Ri + d, Z±^V± + B±. (88) 

In the following we will construct explicitly the action principle of the 0SP{2, 2) vector gauge 
superfield {A±,W,Ci,B±). In the case of the fuzzy supersphere this action principle will be 
a supermatrix model. We will also need to write down constraints which must be satisfied 
by these superfields in order to have the correct number of degrees of freedom on the fuzzy 
supersphere. 

The differential complex over the fuzzy supersphere is defined by 

= ©5=0*]. (89) 

The elements of are the j— forms. We have the following identifications 

Mat(2L + 1, 2L) , = = ®^,^^Mat{2L + 1, 2L)i. (90) 

We must clearly have Mat{2L + 1, 2L)i = Mat{2L + 1, 2L). A zero-form is thus an element $ 
of the algebra = Mat{2L + 1, 2L) while a one- form is an element of of the form 

A^iA±,W,Ci,B±). (91) 

The 5 supcrfields Ci, B± transform as a superspin 1 multiplet under 0SP{2, 1) while the 
remaining 3 superfields A± and W will transform as a superspin 1/2 under 0SP{2,1). All 
these superfields are elements of the algebra Mat{2L + 1,2L). We can also write zero- forms 
and one-forms as 3A^ x 3N supermatrices of the form 

Ml = r+ (g) C_ r_ (g) C+ 2r3 (g) C3 2v+ ® B_ - 2v_ 5+ - 2d+ ® A_ + 2d_ ® A^ 

Mo = 13®$. (92) 

In above aJ^^ = n, i ^ 1, 2, 3(±, 3), aL^^ = v^, a = 4(+), 5(-), A^^^ = d^, a = 6(+), 7(-) and 
(-) 

Ag^ = do are the supermatrices of the 3— dimensional superspin 1/2 fundamental representation 
of 0SP{2, 2) corresponding to the generators Ri, V±, D± and Dq respectively. Wc will also use 
the notation Aj = R^, i = 1,2, 3(±, 3), Aq, = V^, a = 4(-|-), 5(— ), A^^ = Da, a = 6(+), 7(— ) and 
As = Do. 
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Similarly two-forms and three-forms are given hy a — (a±, w, Ci, &±)e^^ = and (t>&^% — 
^%[. We write the corresponding 3A^ x ?,N supermatrices as 

M2 = r+ (8) c_ r_ (g) c+ 2r3 C3 2v+ (g) 6_ - 2v_ (g) 6+ - 2(i+ g) a_ 2(i_ g) a+ - ^do g) w. 
M3 = l3®(/). (93) 

Let us introduce the quadratic Casimirs 

Cq = r+ (g r_ (g i?+ 2r3 0.^3-^ 2^;+ ig) y_ - 2^;_ (g) - 2d+ (g D_ 2d_ (g 

- ^do <g) -Do 

Cij = r+ (g) i?_ r_ (g) i?+ + 2r3 ® 7?3 + 2?;+ (g) y_ - 2v_ (g) y+ 

C = Cg - C// = -2(i+ (g) £>_ + 2d_ (g) - -4 ® Dq. (94) 

The exterior derivative We introduce a coboundary operator b : ^'^v — ^^jv^ defined on 
0— forms by 

5$ = (g) 7^_ r_ (g 7^+ 2r3 (g) 7^3 + 2^;+ (g) V_ - 2t;_ (g) V+ 

- 2d+ (g X>_ + 2d_ ® X>+ - ^do X>o^ (95) 

The exterior derivative on one-forms is on the other hand given by 

(5Mi = 5^Mi - 5^Mf . (96) 

is the orthogonal projection of Mi from G (g) Mat{2L + 1,2L) into if (g Mat{2L + 1,2L) 
where G — osp{2, 2) and H — osp{2, 1). In other words 

Mf = r+ (g C_ + r_ C+ + 2r3 ® ^3 + 2i;+ ® S_ - 2^;_ (g S+. (97) 

The exterior derivatives S'^ and 5^ are defined by ( with the notation Mi = /i^ (g) and 
adO = 0^ [O, .]) 

5^Mi = 2{-l)^%t,adAi^^hA (g adAfcC^ + ^doMi 

S^'Mi - 2(-l)'^^?7„5aciA3^/iA ® adA^CA + IdnM^. (98) 

f], fj stand for the block diagonal matrices f) = 2(13, C, —1/4), fj = 2(13, C) and a,b = 1, ...,8 
in 5*^ Ml and a, 6 = 1, 5 in 5^Mi. The Dynkin numbers do, dn are defined by 

4L2 4L2 
STrXY = —STraiXiYi) , STrXY = —STrH{X^Y^). (99) 
do du 
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where STra, STth are the supertraces in the adjoint representations of G and H respectively. 
We choose X = Y = Ri so XY = ^ diag{{Rf^f, {Rf'^^f) for H and XY = = 
diag{{Rf^Y, {Rf'^^f] {Rf'^^f, {Rf'^^f) for G. The supermatrices X^ and Y^ correspond 
to the representation L = 1. Using the property STr^ = Tr2L+\<t>R—Tr2L4>L of STr we compute 
for G that STrR"^ = 6L^ and hence da — & while for H we compute STrRj — 3L{L + |) and 
hence dn = Q + ^/L. 
We have explicitly 

5Mi = 6^M^ + {6^ - 5^)M^ , = Mi - Mf . (100) 

We can immediately compute 

25^ {d± ® A^) = ® n±A^±M± ® n^A^ + 2do®V±A^ - 2v± ® VqA^ 

- 4r± ® V^A^^'irz^V^A^ + dad^ ® A^, (101) 



and 



^ 5^ {do <»W) ^ -2d+ ® V-W + 2d_ ® V+iy + 2v+ ® - 2t;_ ® P+W^ 
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+ ^o?gc?o®W^- (102) 



Hence 



S'^M^ = -4r_ O 1^+^+ + 4r+ (g) V^A^ + 4r3 O (I^+A- + V_A+) 

- 2v_ ® {VqA+ - V+W) + 2v+ ® {VqA_ - V_W) 

- d_® (47^+A_ + 47^3A+ + 2V+1^ - dGA+) 
+ d+® {An_A+ - An^A_ + 2V-W - daAJ) 

+ dQ®{-2V+A_ + 2V-A+-^dGW). (103) 
Furthermore ( with the notation = Ha® Ca ) 

(5^-OMf = {-lf^{-Aadd+®V_ + Aadd^®V+-addQ®VQ){hA®CA) 

+ ^(ciG-c?H)Mf. (104) 

We compute 

2{-Aadd+ ®V_+ Aadd_ ®V+- addo ® Vo){ri ® Q) = 4rf+ ® (V.C^ - V+C^) 

+4(i_ ® (P+Cs + 2^-C+), (105) 

and 

- 2{-Aadd+ ®V_+ Aadd- ®V+ + addo ® Vq) {v+ ® B_ - V- ® B+) = 

-2d+ ® VqB_ + 2d_ ® VoB+ + 2do ® {V+B_ - V_B+). (106) 
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Thus 

+ 2d+ ® {-VoB^ + 2P_C3 - 2V+C-) - 2d- {-VoB+ - 2V+C3 - 2V^C+) 
+ 2do0{V+B--V-B+). (107) 

The final result is ( with = 4, = 6 ) 

5A± = 2A± + 2V^C± - 27^±A^±2P±C3T27^3A± + Po^i - V±W 
SW ^2W + 4V+A_ - 4V_^+ + 4r>_S+ - 4r>+5_ 

SB± = -s± + r>o^± - 'D±W 

5C3 = -C3 + 2V+A- + 2V-A+ 

5C± = -C±^AV±A±. (108) 

Lastly the action of the coboundary operator on two-forms a three-forms is given by the obvious 
definitions ( with M2 = Ha® ca ) 

= V+a- - V_a+ + ^Vqw - V+6_ + V_6+ - \n+c- - ^7^-c+ - 7^3C3. (109) 

SM3 = S{l3 0) = 0. (110) 

The product * The associative product * between the forms is a map * : (8) — ^^^n^ 
defined for i = 1 by ( with Ha 'S> Xa standing for one-forms, two-forms and three-forms ) 

(I3 (g) $) * {hA ® Xa) = hA® ^Xa. (Ill) 

For i = 2 we have 

{Ha ® Ca) * (I3 ®^) = hA® Ca^ , {Ha ® Ca) * (I3 ® 0) = 0, (112) 

and 

{Ha ® Ca) * {h!^ ® C'^) = {Ha ® Ca) *g {Iia ® Ca) - {hA ® Ca) *h {Iia ® C'a), (113) 

where 

{hA ® Ca) *g,h {hA ® c'a) = 2{-l)^^' ad{h a) h'e ® CaC'^ 

(114) 
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The indices A and B run over the superalgebra H for *h whereas for *g they run over the 
superalgebra G. Exphcitly we have 

(/lA ® Ca) * (/i^ ® C^) = 2{ri^Ci + v+^B_-v-^B+)*G{-2d+®A'_ + 2d-^A'^ 

^do (g) W') + {-2d+^ A_ + 2d_ ® A+ - ^do (g) W) *g {h!^ ® C 



A)- 

(115) 



The first hne is computed to be given by 

First line = 2rf+ ® {B_W' + 2C_A+ - 2Cj,j(_) - 2d_ ® [B^W' + 2C+yl'_ + 

+ 2do® - (116) 

The second hne is computed to be given by 

Second hne = 2d+ ® {-WB!_ + 2A_C'^ - 2A+C'_) + 2d_ ® {WB!^ + 2A+C3 + 2^_C+) 

- 2do ® (^--6+ - ^+-B1) + 4r+ (g) A^X_ - 4r_ (g + 4r3 (g) (^-A'+ + ^+^'_) 

- 2^;+®(^_iy'-iy^'_) + 2v_®(^+iy'-iyA+). (117) 

Thus we obtain 

A± * = ±2A±C3^2C3A± + WBi^ - B±W' + 2A:pC'^ - 2C±A'^ 

w*w' ^ aa^b'^ + ab+a'_ - aa+b'_ - ab^a'^ 

C3 * C3 = 2A_A+ + 2A+A'_ 

B±*B±^WA'^-A±W'. (118) 
Also for i = 2 we have 

{hA ® Ca) * {Ha Ca) = -l{-'^)'''''STr{hAhs) Cac^. (119) 

By using the identities STrriVj = STrv±v^ = STrd±d^ ^ ^\ ^^"i STrd^ = -2 ( all 
other supertraces are zero ) we obtain immdediately the results 

(/iA C'a) * (/iA ® 4) = -^C+c'_-^C_c+-C3C3 + ^+a'_-^_a+ + ^PFw' 

Z Z 

+ B_b'^-B+b'_. (120) 

For i = 3 we have the two non- vanishing products (/ia (g ca) * (I3 (g) $) and (/ia ca) * {h-A ® C^) 
with obvious definitions by analogy with the products (I3 (g) $) * (Ha <g) ca) and {h'^ (g C^) * (/ia ® 
Ca). In particular the product of two-forms with one-forms is given as above with reversed order 
of small and capital letters. For i = 4 we have one non-zero product given by (I3 (g 0) * (I3 (g) $) 
while the rest are zero. 

This coboundary operator is nilpotcnt, i.e it satisfies 5^ = 0. The product * is compatible 
with d so that the Leibniz rule is respected. Thus we must have 6{X^ * Y^) = * + 
{-iyX'*5Y^. 
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3.2 Gauge action 

We consider one-forms A — {A±, VF, Cj, B±) satisfying the reality condition = A. Thus 
we must have A^+ = ±A^, W++ = W, C++ = Q and Sj+ = :^B^. We define the curvature 

by 

F^SA + A*A={F^,f,Ci,b±). (121) 

We can immediately compute 

F± = 2[X^, F±]±2[X±, Fs] + [^0, + 2X± 
f = 4{Z+, X_} - 4{Z_, X+} + 2Xo 
c± = T2{X±,X±}-y± 
C3 = 2{X+,X_}-y3 

6± = [Xo,X±]-Z±. (122) 

Recall that X± = D± + A±, Xq = Do + W, Y, = Ri + Q and Z± = V± + B±. We define the 
supersymmetric noncommutative U{1) gauge action by 

Sl[A] = aStr<F*F + pSTr{A*5A+-A*A*A) 

3 

= aStr<F*F + pSTr{A*F-^A*A*A). (123) 

The first term is similar to the usual Yang-Mills action whereas the second term is a ( real- 
valued ) Chern-Simons-like contribution, a and (3 are two real parameters. The Hodge triangle 
< is defined as the identity map between and and thus <\F should be considered as a 
one-form. Explicitly we have 

<F * F = b-b+ - b+b^ - 4 + F+F_ - F_F+ + 

A * F = B_b+ - B+b_ - Cid + A+F_ - A_F+ + ^Wf, (124) 

and 

A* A* A = B4W,A+]- B4W,A_]-2C+A^A_ + 2C_A+A+-2C3{A+,A^} 

+ (2[C3, A_] - 2[C^, A+] + [W, B_]) -A_{- 2[Cs, A+] - 2[C+, A_] + [W, B+]) 
+ W{A_,B+} -W{A+,B_}. (125) 

We need first to show gauge invariance of the above action. The invariance of the Yang-Mills 
term is obvious whereas the invariance of the Chern-Simons-like term requires some work in 
order to be established. Towards this end we will need to rewrite the Chern-Simons-like term 
in a completely covariant fashion. 
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First by thinking about Cq as a one-form we can show after a long calculation that we must 
have 

STrCa *F = STr(^- 2D+A_ + 2D_A+ + V-B+ - V+B_ - Rid - ^D^W 

+ ^STrW B+} - B.} - {VI, A+} + A_}^ 

- STrA^(^[D_,Cs] - [D^,C.] - ^ID^B.] + - [R„ A_] ^-[W,V_ 

- STtA_ {[D_, C+] + C3] + ^[L'o, S+] - A_\ - [i?3, A+] + h^W, V^^ 

- STrC+{D_,A_} + STrC^{D+, A+} - ^STrB+{[Do, A_] - W^]) 

+ ^5Tri?_(po,A+]-p+,W^]) -^TrC3(^{D-,A+} + {D+,A_}^. (126) 

In above we have used the results 

STrD^F± = STr (±R:^C± + 2D±A^±R^C^ + D^A± - V^B±±^DqW 



STrV^b^ = STr{^- D^A^^^DqW -V^B±-W{V^,A±}^ 



^STrDof = STr(^D+A_-D_A+ + V_B+-V+B_ + ^DoW -A_[Do,B+]+A+[Do,B. 
STrR^c± = 5rr^T4D^A± -i?^C±±2A±[i?^,A±]^ 

>Srri?3C3 = STr(^D+A_-D_A+-RsC3-A4Rs,A+]-A4Rs,A_]y (127) 
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More calculation yields 

STrCa * F = STr - D+A^ + D_A+ - V^B+ + V+B^ - Rid + ^DqW^ 
+ lsTrw(^\f-\w-{A.,B^} + {B.,A^}^ 

- STrA^ (^-If_+A_- [A_, Cs] + C] + ]^[W, B_]^ 

- STtA. Qf+ - A+ - C+] - C] - \[W, 5+]^ 

- 5rrC3Qc3 + ^C3-{A-,A+}^. (128) 

Equivalently 

STrCa * F = ^STr A * F - ]-STrA *A*A- -STr ( (Cj^ + Ah) * <(C^f + Ah) -Ch* <Ch] 

- STr(^{C± + A^)*<{C± + A^)-C±*<C±y (129) 

In above C± = C = Cq — Ch, Ah is the projection of A in the directions along the generators 
oi H — osp{2, 1) and A± is the corresponding orthogonal part. Explicitly we have 

STr{CH + Ah) * <(Cij + Ah) ^STr{- - Z+Z^ + Z^Z+) 

STr{C± + A±_) * <{C± + A^) = STr{^X^ + X+X^ - X_X+) . (130) 

The supersymmetric noncommutative U{1) gauge action becomes 

Sl[A] = aStr<F*F + (^STr(2{CH + AH)*F + 2{C^ + Ai_)*F + {CH + AH)*<{CH + AH) 



+ 2{C^ + A^)*<{C^ + A^)-CH*<CH-2C^*<C^j. (131) 

This establishes gauge invariance of the system under 

Cg + A — >U*(Cg + A)*U++. (132) 
t/ is a zero-form with U~^^ = U'^ and hence this transformation law means 

X±,o^C/^±,oC/+ , Yi^UYiU+ , Z±^UZ±U+. (133) 
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The next step is to notice that the system as it stands contains too many degrees of freedom 
and hence we must impose some extra constraints in order to reduce the number of independent 
components of A and F from 8 to 2 since we are in two dimensions. We impose 

{6A + A* A)h = , ^ b+ = b- = c+ = c- = C3 = 0, (134) 

and 

{C± + A±)*<{C± + A±)-C±*<C± = 0. (135) 

Both constraints are obviously gauge covariant. 

These two constraints as well as the action (11311) are invariant under all 0SP{2, 1) super- 
symmetry transformations. Indeed the two quantities {Ch + Ah) * <{Ch + Ah) and {C± + A±) * 
<{Cj_ + A±) are separately invariant under 0SP{2, 1) which is the reason behind the invariance 
of the second constraint and the 4th and 5th terms of the action under 0SP{2, 1). Furthermore 
a generic one-form and a generic two-form will always decompose under 0SP{2, 1) into a direcrt 
sum of a superpin 1/2 multiplet and a superspin 1 multiplet. For example for the one-form A 
and for the two-form F the components A^, A_, W and F^, F_, f form 0SP{2, 1) multiplets 
with superspin 1/2 while the other five components B^, B_,Ci of A and b^,b_,Ci of F form 
multiplets with superspin 1. This is the reason why the first constarint is 0SP{2, 1) invariant. 
The invariance of the rest of the action under 0SP{2, 1) is ovbious since it is covariant under 
full OSP{2,2). 

3.3 The continuum limit 

The constraint (11351) reads explicitly 

A_] - [D_, A+] + ^{Do, W} + [A+, A^] + ^W' = 0. (136) 

In the continuum limit this becomes 

uqA^ - n7A+ + ^nsW = 0. (137) 

After some calculation we get the solution ( by using uq = \{ziO — Z2O), u-j = \{zi6 + Z2O), 
uj^ = 2 — zz and zz + 00 = 1 ) 



W = zz{A^ - A—) = A^ - A—, (138) 

Z2 Zt Z2 



where 



= \{A - ^A) , A_ = -kA + ^A). (139) 

Z Zn Z Z2 
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The constraint fll34p leads to the equations 

B± = [Do,Ai]-[D±,W] 

Cs = 2{D+,A_} + 2{D_,A+}. (140) 
We need now to compute the action ( with L — >oo ) 

Sl[A] = aSTr{F+F^ - F^F+ + ^f) + (3STr{A+F^ - A^F+ + ^f). (141) 
Exphcitly we have 

F± = [D^, [D,, + 2A± - [Do, W]] - [Kt, W]t12\D^, A±}]±12[D|, A^] 
f = 2W + A{D+,[D.,W]}-A{D^,[D+,W]} + A{V+,A.}-A{D+,[Do,A^]} 

- 4{V_,A+} + 4{D_,[Do,A+]}. (142) 

Because of the constraint fll37p we have only two independent superfields. We will work in 
the local coordinates t = Zi/z2, i = z^/z2, b = —9/z2 and b = —9/z2. We introduce the 
parametrization 

= ^(A - iA) , A_ = -^{A + tA) , W = bA- bA. (143) 

In terms of t, i and b,b the supersymmetryic covariant derivatives D,D and the supersymmetric 
charges Q,Q are given respectively by 

D = db + bdt , D = ch + bd-t, (144) 

and 

Q = d,-bdt , Q = di- bd-t. (145) 
In terms of t, i and 6,6 the 0SP(2, 2) generators are given by 

R+ = -dt - t'dt - ibdi , = d-t + + tbdb , i?3 = td-t - tdt + hdi - ^bdb 

V+ = ^iQ + iQ) , = i(g - tQ), (146) 



and 



Let us compute 



Do = bdi - bdt , D+ = ^{D - W) , D_ = -^(D + W). (147) 



{Vl + 2)A+ = -bVA+-bVA + bbVVA-tbbVVA--btVA--bWA + A-tA.{U8) 
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{VoV+ + V+){W) = -hb{tVVA + VVA) + hb{V'^A + W'^A) + ]-{tA-A) + {tb - lb)VA 

Zi Li Zj Zi 

+ {-b^\lb)VA^\{bVA-tbVA). (149) 

Zi z 

In above we have used the identities = dt, V'^ = di, T>T> = d^d^, VV = didb and {V, V} = 0. 
We can also compute 

- 12V_{V+A+) = 3'DVA+ - 3tW'DA+ + 3W^A+ - 3t&A+ - 3bVA+ 

= --WVA - -ttVVA - -W'^A + -PV'^A + -W'^A + -VVA - -ttV'^A 
2 2 2 2 2 2 2 

- hvA + -PtVVA+-BVA+-iA--bVA--itbVA. (150) 
2 2 2 2 2 2 ^ ^ 



Also 



12ViA_ = 3V^A_ + 3t'V^A_ + 3tbVA. 



^ Av^A - -tV^A --A- -PV^A - -Pt&A - -fbVA - -ttbVA. (151) 
2 2 2 2 2 2 2 ^ ' 

We get immediately ( with y = 1 + It + bb, u = VA + VA and 2ujq = —tb + b ) 

F+ = ~y (v^A + t&A + WVA - VVA + L;^ + (6 - tb)uj 

= (v{yuj) + tV{yuj)^ - Au^u. (152) 

Since = F_ we must have ( by using also V++ = -V, V++ = V, A++ = A, A++ = -A 
and 0;++ = a;, 2uJq~^ = 2lo-j = —tb — b ) 

F_ = --{v{yuj) - tV{yuj) \ -Aluylj. (153) 



Also 



Hence 



2 



4:V+V_W - 4:V_V+W = 2{1 + tt)VVW - bVW - bVW 

= 2y (bVV A -bVV A) -2{1 + tt)uj -W -bbuj. (154) 

4V+A_ - 4V_A+ = 2y{bV^A + b&A) - (1 + tt)uj - W. (155) 

- 4:V+VoA_ + 4:V_VoA+ = (l + tt) {WqA - VVqA) + 6DoA + IVqA 

= y{bVVA-bVVA + bV^A + b&A-uj). (156) 

/ = 3y(bVVA-bVVA + bV^A + bV^A-2u;) + 2{y + bb)uj 

= 3 (6^(1/0;) + bV{yuj)) - 4(y + bb)cu. (157) 
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We can immediately compute the Yang-Mills action 

Sym[A] = aSTr{F+F_-F_F+ + ^f) 



a 



l/P(yu;)P(yu;) + 4yV . (158) 
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In the last line we have also converted the supertrace into a superintegral. Similarly the Chern 
Simons action becomes 

Scs[A] = ^STr{A+F_-A_F+ + ^Wf) 

= (5STr (^--^y (^AV{yu) + AV{yu)^ 



The last step is to rewrite the above actions in terms of components of the superfields A and 
A. Introduce 

w and u are real bosonic fields while is a complex bosonic field. Clearly w~^~^ = w, u^~^ — 
u, f = V. The fermionic fields ( and 77 are such that — —C,^ Cf^^ — r]^^ — fj, f]~^^ — —77. 
We can immediately compute 

iyuj ^iu + bri -bfi + bb(^{l + tt){dtv - dfv) + Y~^t^ ' ^^^^^ 
The Kahler term can now be put in the form ( with J dbdbbb = —1, j db = 0, j db = ) 

1 f dtdtdbdb /9a ^, , - , A 1 /" .9 -^0,r^ r^ n9 ^ r^ 

2m J y (y^^W^M) = dtdt{-a)l-{l + ttf{dtv-dtvy + dtudtu 



[1 + it) 

The superpotcntial takes the form 



+ I T^\2 + "^^t^ ~ ^t'^-'^ ~ 2iu{dtv - dtv) ] . (162) 



1 [ dtdtdbdb,^ 99, 1 [,-,,,.( 2™ v? n\ / x 

^^ J ^(^"» - ) = 2^1 J [TTTt - (TTW + " ] 

Simmilarly 

1 f dtdtdbdb. 3 ^ , / - , , - , ,\ 1 /",-,, 3 ^. f 2f]r] 



[dtdtdbdb^ 3 ^ J , - , A 1 3 

(--/32/)(^AI)(yu;)+AI)(yu;)J = — j dtdt{--P)i^-, 



2-ni J y ^ A'^^'y ' 'J 2m J ^ A'^'Xl + tt (1 + tt)^ 

+ 2iu{dtv-dtv)^. (164) 
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In order to cancel the coupling between the fields u and v we choose (3 = — !«• This will also 
cancel the mass term of the u field. We obtain finally ( with Sl[A] = Sym[A] + and 
L — >oo ) 

^"-^"^^ " 2^ / ( - (1 + ^^fidtv - dtvf + dtudiu + r^dir^ + r^dtf^ + ■ (165) 

4 Concluding remarks: A new fuzzy SUSY scalar action 

The next natural step is to take the action ([3]) with the corresponding constraints (jlj) and 
^ and write the whole thing in terms of the components of X± q, Z± thus reducing the 
supertrace STr to an ordinary trace Tr. The fermionic fields should then be integrated out 
before we can attempt any numerical investigation. This complicated exercise will not be 
pursuited here. 

A possibly much simpler supersymmetric action than the above pure gauge action is given 
by the following fuzzy supersymmetric scalar action. We introduce the superscalar fields 
and $_L defined by the expressions 



= {Ch + Ah) * <iCH + Ah) = -Y^ - Z+Z^ + Z^Z+ 
$± = (C± + A^) * <{Ci_ + A^) = ^X^ + - (166) 

The action we write ( without any extra constraints and with full supersymmetry ) is 

SlI^ = Srr(a^<l'x + 6x$l + cx$i + rfx$i + ...) 

+ STriaH<^H + bH<^l + CH^H + dHK + ■■■)■ (167) 

This action is supersymmetric for the same reason that ([3]) is supersymmetric. It is gauge 
covariant since ^h and $x are gauge covariant fields. The parameters a, b, c, d.. are the coupling 
constants of the model. The partition function thus reads 

ZL[a,b,c,d,...] = J dX±dXodZ±dYie-^^^'^K (168) 

We conclude this article by introducing the matrix components of X±fi, Yi, Z± in the follow- 
ing way. The superfields Xq = Dq + W and Yi = Ri + Ci are real scalar superfields so that they 
are even elements of the superalgebra Mat{2L + 1, 2L) while X± = D± + A± and Z± = V± + B± 
are odd elements of Mat(2L + 1, 2L) ( we think of them as real spinor superfields ). This means 
that instead of considering the algebra Mat{2L + 1, 2L) over the field of complex numbers C 
we consider it over a graded commutative algebra P. Then the one-forms are actually elements 
of the space 



^]v(^) = Go ® Mat{2L + 1, 21; P)o © d ® Mat{2L + 1, 2L; P)i. 
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(169) 



Go and Gi are the even and odd parts of the super-Lie algebra G = osp{2, 2) while Mat{2L + 
1,2L; P)q i are the subspaces of Mat{2L + 1,2L;P) with even and odd grading respectively 
with respect to the gradings of Mat{2L + 1,2L) and P. \l/]v(P) is isomorphic to the space of 
one-forms we had constructed previously. 

Let us introduce the (2L + 1) x {2L + 1) fermionic matrices ip±R., x±Ri the 2L x 2L fermionic 
matrices 'ip±L, X±l, the (2L + 1) x 2L bosonic matrices X^r, Z±ji and the 2L x (2L + 1) bosonic 
matrices X±l, Z±l as follows 



X±R ^±i? \ 7 _ 7++ _ f xXr 



ZX^=[ ^^-/^ . (171) 



Furthermore we introduce the {2L + 1) x {2L + 1) bosonic matrices Yi^ = Y-'^'^,Xqji = Xqj^, 
the 2L X 2L bosonic matrices Yn = Y-'^'^, Xql = Xqj^ , the {2L + 1) x 2L fermionic matrices 
(pm = —(pth, 4>oR = —<PoL the 2L x (2L + 1) fermionic matrices = 0ol = 4>or as 
follows 

V <PiL J \ <POL XoL J 
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